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The Incubation Period

Definition

The Incubation Period of a disease is defined to be the time
between first exposure to a contagion and observation of first
symptoms.
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The Incubation Period

1 2 3 4 5 6
0

2

4

6

8

10

12

(a)

0 10 20 30 40 50
0

5

10

15

20

25

30

35

(b)

Incubation period (days/years)

N
u

m
b

er
o

f
ca

se
s

Figure: (a) Food-borne streptococcal sore throat (Sartwell 1950).
(b) Bladder tumors in a dye plant (Goldblatt 1949).
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Sartwell’s Law (1966)

Sartwell’s Law

Incubation periods for diseases tend to be distributed as
lognormals; more generally, they will be right-skewed.
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An Evolutionary Graph Theory Is The Common Factor

The Illness ... ... Takes over the ... ... Which is a ...

Typhoid well-mixed gut microbiome Complete graph

Leukemia healthy bone marrow cells 3D lattice

Influenza uncompromised tracheal cells 2D lattice
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Yes, viruses.
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Evolutionary Graph Theory

Definition

The Moran Birth-death (Bd) model consists of three steps:
1. With probability proportional to fitness (r), randomly select a
node on the network to give birth.
2. Uniformly randomly select a neighbor of the first node to die.
3. The dying node takes on the type of the birthing node.
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The Moran Model
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Complete Graph: r =∞
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Complete Graph: r =∞

At every time step:

1) Select a random node A from the available mutants.

2) Choose random node B from the N − 1 neighbors of the first.

3) If B is healthy, turn it into a mutant.

4) Repeat for T steps until every node is a mutant.
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Complete Graph: Simplified

At every time step:

1) Select a random node A from the available mutants.

1) Choose a random node B from a set of N − 1.

2) If we haven’t seen B before, we label and return it.

3) Repeat for T steps until every node is labeled.
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The Coupon Collector’s Problem

The Coupon Collector’s Problem

Each day, a kid gets one trading card, uniformly at random. Given
that there are N distinct cards, what is the distribution of times T
required to form a complete set?

BJOL Incubation Periods



The Complete Graph

Theorem

T − E [T ]

N
d−→ Gumbel(−γ, 1),

(Where γ = the Euler-Mascheroni constant ≈ 0.5772.)
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Complete Graph and Star Graph

Complete Graph:

T − N(log(N) + γ)

N
d−→ Gumbel(−γ, 1). (1)

Star Graph:

T − N2(log(N) + γ − 1)

N2

d−→ Gumbel(−γ, 1). (2)

-4 -2 0 2 4
0

0.15

0.3

0.45

0.6 (a)

-4 -2 0 2 4
0

0.15

0.3

0.45

0.6 (b)

x

D
en

si
ty

BJOL Incubation Periods



Lattices and Moran
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Lattices: Surface Area to Volume

To understand lattices, do the following:

1) Make an analogy to first-passage percolation.

2) Use surface area to volume scaling.

3) Pray.
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Lattice: d ≥ 3.

Theorem

Letting η = 1− 1/d, the asymptotic skew of the takeover times for
a d > 2 dimensional lattice is given by

Skew(d) =
2ζ(3η)

ζ(2η)3/2
, where ζ(x) =

∞∑
n=1

1

nx
.
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Results for Infinite r
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Non-infinite fitness?
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Fitness and Skew for Complete Graph
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Figure: Hathcock 2018
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Realism?
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Red = Lognormal, Blue = Gumbel
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Figure: (a) Food-borne streptococcal sore throat (Sartwell 1950).
(b) Bladder tumors in a dye plant (Goldblatt 1949).
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Main Point

Common aspects of disease growth:

Evolutionary Network Dynamics

The Coupon Collector’s Problem

Together, they help justify Sartwell’s Law.
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P Erdős & A Rényi, On a Classical Problem of Probability Theory, Publ Math Inst Hung Acad Sci 6 (1961).

LE Baum & P Billingsley, Asymptotic Distributions for the Coupon Collector’s Problem, The Annals of

Mathematical Statistics 36(6) (1965).

A Auffinger, M Damron, & J Hanson, 50 years of First Passage Percolation, arxiv.org/abs/1511.03262

(2016).

ME Gallagher, CB Brooke, R Ke, & K Koelle, Causes and Consequences of Spatial Within-Host Viral

Spread, Viruses 10(11) 627 (2018).

S Wieland, Z Makowska, B Campana, D Calabrese, MT Dill, J Chung, FV Chisari, MH Heim, Simultaneous

Detection of Hepatitis C Virus and Interferon Stimulated Gene Expression in Infected Human Liver,
Hepatology 59(6) (2013).

F Graw, A Balagopal, AJ Kandthil, SC Ray, DL Thomas, & RM Ribeiro, Inferring Viral Dynamics in

Chronically HCV Infected Patients from the Spatial Distribution of Infected Hepatocytes, PLOS Comp Bio
10(11) e1003934 (2014).

KL Roberts, B Manicassamy, & RA Lamb, Influenza A Virus Uses Intercellular Connections to Spread to

Neighboring Cells, Journal of Virology 89(3) 1537 (2015).

A Kumar, JH Kim, P Ranjan, MG Metcalfe, W Cao, M Mishina, S Gangappa, Z Guo, ES Boyden, S Zaki,

& et al., Influenza Virus Exploits Tunneling Nanotubes for Cell-To-Cell Spread. Sci. Rep. 7 40360 (2017).

BJOL Incubation Periods

arxiv.org/abs/1511.03262


Questions?
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Figure: (a) r =∞. (b) r = 1.

All slides available at: ottinoloffler.com
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